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ABSTRACT 
The present i nves t i ga t i on  i s  concerned w i t h  the na tu ra l  
frequencies o f  o r t h o t r o p i c  c i r c u l a r  p l a t e s  o f  v a r i a b l e  thickness. 
I n  p a r t i c u l a r ,  a thickness v a r i a t i o n  o f  the form h = ho (1-HR") has 
been selected. The de r i va t i on  o f  the d i f f e r e n t i a l  equation governing 
the motion o f  the  p l a t e  i s  based on the c l a s s i c a l  fo rmula t ion  o f  the 
theory o f  p la tes .  The so lu t ion  o f  t h i s  equation f o r  the axisynunetric 
case i s  obta ined by an app l i ca t i on  o f  the method o f  Frobenius. 
C h a r a c t e r i s t i c  equations f o r  the n a t u r a l  frequencies o f  clamped and 
simply supported p la tes  are  derived and numerical r e s u l t s  a re  presented 
f o r  several p la tes  of various shapes. 
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1. 
1 . I NTROOUCT I ON 
The 1 i t e r a t u r e  of recent years conta ins nlany analyses o f  
i s o t r o p i c  and o r t h o t r o p i c  c i r c u l a r  p l a t e s  o f  bo th  un i form and v a r i a b l e  
thickness. 
c i r c u l a r  p la tes  has been analyzed by Pandalai and Pate1 [l], and Minkarah 
and Hoppmann [21. 
supported p l a t e s  o f  constant thickness were considered. 
ana lys is  i s  an extension of t h i s  work and cmcerns  i t s e l f  w i t h  the  
i nves t i ga t i on  o f  the na tu ra l  frequencies o f  o r t h o t r o p i c  c i r c u l a r  p l a t e s  
of  v a r i a b l e  thickness. 
The transverse v ib ra t i ons  o f  c y l i n d r i c a l l y  o r t h o t r o p i c  
I n  these inves t iga t ions  clamped as w e l l  as simply 
The present 
I n  the  c l a s s i c a l  fo rmula t ion  of problems concerning p la tes  of  
v a r i a b l e  thickness the  e f f e c t s  o f  bo th  transverse shear deformation and 
t ransverse normal s t ress  are  neglected, and hence, the s t ress  so lu t i ons  
do no t  s a t i s f y  the prescr ibed surface t r a c t i o n s  a t  the upper and lower 
surfaces of the p la te .  However, i t  has been shown by Essenberg [ 3 ]  t h a t  
t he  displacements p red ic ted  by the  theory a re  r e l i a b l e  provided the 
maximum thickness of the p l a t e  i s ' s m a l l  compared t o  the  rad ius o f  the 
p la te .  Of course the slope of  the  p l a t e  sur face i s  small compared t o  
u n i t y .  I n  view of t h i s  argument, the  c l a s s i c a l  theory o f  t h i n  p l a t e s  
i s  assumed v a l i d  f o r  the present i nves t i ga t i on .  . 
The ma te r ia l  p roper t ies  o f  the p la tes  considered i n  past  
i nves t i ga t i ons  \L 1 1 ,  L L J )  and i n  the  present ana iys is  as w e i i  a re  character-  
i zed  by the p r i n c i p a l  d i rec t i ons  o f  o r tho t ropy  a t  a po int ;  
the r a d i a l  and c i r cumfe ren t ia l  d i  rect ions.  Such or tho t ropy  may occur 
t r . 1  r e i \  
these being 
2. 
n a t u r a l l y  in some cross sections of wood, o r  may be manufactured, a t  
l e a s t  approximately, by re in fo rced 'p last ics ,  by t h i n  impregnated 
laminations wound around a c y l i n d r i c a l  core, o r  by i s o t r o p i c  p l a t e s  which 
have been s t i f f e n e d  by r a d i a l  or c i r cumfe ren t ia l  r i b s .  I t  has been 
found by C a r r i e r  [4]  that, as a consequence o f  t h i s  form o f  or thot ropy,  
the  o r i g i n  of the coord inate system represents a s ingu la r  p o i n t  o f  the 
ma te r ia l  p roper t i es  o f  t h e  p la te .  The e f f e c t  o f  t h i s  s i n g u l a r i t y  on the 
displacement s o l u t i o n  i s  discussed i n  the l a s t  sec t ion  o f  the thes is .  
I n  what fol lows, the  governing equation f o r  the  f r e e  v i b r a t i o n  
of such p l a t e s  i s  der ived in terms o f  the  l a t e r a l  de f l ec t i ons  o f  t h e i r  
median surface. This equation i s  then solved, f o r  the ax isynmetr ic  case, 
by the method o f  Frobenius. The c h a r a c t e r i s t i c  equations f o r  the  na tu ra l  
frequencies a r e  der ived for  a clamped and a simply supported p la te,  and 
some numerical examples a re  considered. F ina l l y ,  a b r i e f  d iscuss ion o f  
the  r e s u l t s  i s  presented. 
i 
3 .  
2. DER I VAT1 ON OF THE GOVERN I NG EQUAT I ON 
F i r s t ,  i t  i s  assumed t h a t  the c i r c u l a r  p la tes  analyzed i n  the  
present i n v e s t i g a t i o n  are  governed by the small  d e f l e c t i o n  theory o f  
p la tes .  That is, the fo l l ow ing  simp1 i f y i n g  assumptions are made: 
( 1 )  The maximum thickness o f  the p l a t e  i s  small i n  comparison w i t h  the 
rad ius o f  the  p l a t e .  (2) The magnitude o f  the l a t e r a l  d e f l e c t i o n  i s  
small  ccmipared t o  the l oca l  thickness o f  the p la te .  (3)  The r o t a t i o n s  
a r e  very small conipared t o  the s t r a i n s  and as a r e s u l t  the  s t r e t c h i n g  o f  
t he  median surface o f  the p l a t e  i s  considered n e g l i g i b l e .  
o f  the p l a t e  a long a norma1 t o  the median sur face i n  the undefornied p l a t e  
remains s t r a i g h t  and normal t o  the deformed median surface, and i t s  
extension i s  negl i g i b l e .  Hence, the transverse shear s t r a i n s  a re  taken 
t o  be zero. 
(4) An element 
The above assumptions lead t o  the  s t r a i n  displacement r e l a t i o n s  
- c - - z w ,  r rr 
wa) 2 
r r 
i n  po la r  coordinates which are the most convenient f o r  the present problem. 
4. 
c 
median surface 
coordinates, z 
sur face o f  the 
denotes p a r t i a  
coord 
n u t e r  
I n  the above equation, c and e a r e  the r a d i a l  and c i r c u m f e r e n t i a l  normal 
s t ra ins ,  yrcp i s  the shearing s t ra in ,  w i s  the l a t e r a l  displacement o f  the 
r cp 
o f  the p la te,  r and cp a r e  the r a d i a l  and c i r c u m f e r e n t i a l  
i s  the coordinate normal t o  and measured from the median 
p l a t e  (see F ig.  l), and, f i n a l l y ,  ci miiima a f t e r  a synibol 
d i f f e r e n t i a t i o n  o f  the synibol w i t h  respect t o  the 
cated by the subscr ipts f o l l o w i n g  the connia. 
i t  i s  assumed t h a t  the p l a t e s  a r e  made o f  o r t h o t r o p i c  
the e l a s t i c  proper t ies of the p i a t s  i n  the r a d i a l  and 
f f e r e n t .  I n  view o f  the f a c t  t h a t  the 
a t e  i s  assumed t o  he va l id ,  the p e r t i n e n t  
a p l a t e  may be w r i t t e n  [ > I  as 
nates ind 
Next, 
a l ,  i.e., 
c i rcun i fe ren t ia l  d i r e c t i o n s  are d 
small  d e f l e c t i o n  theory o f  the p 
s t r e s s - s t r a i n  r e l a t i o n s  f o r  such 
rcp €cp 
u = Er E,. + E  r 
u = E  c r + E  c 
cp rcp c p c p  
‘rcpp= Yrcp 
where u and u are  normal stresses i n  the r a d i a l  and c i rcumferent ia l  
d i rec t ions ,  7 i s  the shearing stress,  and Er, E E and G a re  the 
r cp 
rcp v’ rcp 
f iater ia i  const-nts, Th--- r + r - = r  t r - : n  rn i5t innr  t n n e t b r  y i t h  the I I l G a G  3 L I F i J J - S L I Y I I I  I b . ~ ~ c m v a i r .  c - J - - ~ . - . .  
s t r a i n  displacement r e l a t i o n s  o f  Eq. ( 1 )  may now be used t o  der ive  expressions 
f o r  the bending moments per u n i t  length i n  ternis o f  the d e f l e c t i o n  as 
c 
h -
M =  zdz = - Dr [ a ~ , ~ ~  
r 2 
M = - Sh T zdz = 2Dry (.A) 
r ,r rep -- w 2 
Mr, M and M a re  the rad ia l ,  circurnferentia1,and t w i s t i n g  where, 
moments per  u n i t  length, h = h(r,cp) i s  the l o c a l  thickness o f  the  p la te ,  
cp rcp 
(3 )  
Dur ing bending, i n  add i t i on  t o  s a t i s f y i n g  Eqs. (3)  the p l a t e  
must a l s o  s a t i s f y  the equi 1 ibr ium equation 
- -  = - q  1 + - M  1 2 - (rMr) - - 
r ,rr 2 (rMrcp),rcp 2 cp,(p(p r cp,r r r 
where q i s  the i n t e n s i t y  of the  l a t e r a l  load on the p la te .  Since the  
present problem i s  concerned w i t h  the f r e e  v i b r a t i o n s  o f  the p l a t e  t h i s  
i n t e n s i t y  i s  
q = - P h b t t  ( 5 )  
I .  
6. 
where p i s  the mass densi ty  o f  the p la te,  t i s  the t ime and w = w (r,cp,t). 
S u b s t i t u t i o n  o f  
i n g  equation f o r  the f r e e  
Eqs. ( 3 )  'and ( 5 )  i n t o  Eq. (4) y i e l d s  the govern- 
v i b r a t i o n s  o f  the p l a t e  as 
b) 4 + 
r 
r r 
+ 
r 3 r r 
+ D r, rr [w, rr + a  rA+ r w-)]+ 2 r 
W 
3 r  r r 
+ 4Y + 
7. 
[4y &Q - .Ire)] 3 - - P h W J t t  
+ Dr,rcp r r 
For  the ax isynmetr ic  case t h i s  equation reduces t o  
rrr + w , 
'r W'rrrr + 2(D, + r D r , J  7
+ (- B D ~  + (2+a) r D + r 2 D ~ , ~ ~  )!++ r r 9  r 
For the  present axisymmetric problem the thickness can vary 
on l y  i n  the r a d i a l  d i r e c t i o n  and i t  i s  assumed t o  be given by 
h - h  
h = h  [ I -  a (:TI = ho ( 1  - HR") 
ho 0 
where, h and h represent the thickness o f  the p l a t e  a t  the  center  r = 0, 
and a t  t he  edge o f  the p l a t e  r = a, respect ive ly ,  n i s  any p o s i t i v e  in teger  
and the d e f i n i t i o n s  o f  R and H a r e  obvious. 
0 a 
(For a un i form th ickness 
p l a t e  H = 0). Thtls, by de f i n i t i on ,  the quan t i t y  D _  = E-h 3 /12 becomes 
I I 
D 
p l a t e  everywhere i n  the i n te rva l  0 5 r 5 a i t  i s  requi red t h a t  H be less  
= E h 3 (l-HRn)3/12. Since t h i s  quan t i t y  must be p o s i t i v e  f o r  a f u l l  r r o  
8. 
I .  
. 
than u n i t y  (H < I ) .  
i n t o  Eq. (7) leads t o  the  equation . 
Subs t i t u t i on  o f  the thickness h given by Eq. (8) 
2 2n ( I  - 2 HR" + H R ) wJRRRR + 
2 2n W J ~ ~ ~  + + 2 [I - (2 + 3n) HR" + ( 1  + 3n) H R ] 
+ {- p + [2p-3n(l+(r+n) - p+3n (l+WN] H2R2n} !% + 
R2 
4 
P ho a 
DO 
+ = o  w J  tt (9) 
where D = E h 3 /12. Equation (9) i s  the governing equation f o r  the 
0 r o  
axisymmetric f r e e  v i b r a t i o n  of an o r t h o t r o p i c  p l a t e  having a thickness 
v a r i a t i o n  h = ho (I-HR").  
The d e f l e c t i o n  s o l u t i o n  t o  Eq. (9) must s a t i s f y  the  boundary 
cond i t i ons  which depend upon the manner i n  which the  edge o f  the  p l a t e  i s  
supported. While f o r  a clamped p l a t e  the displacement and the  s lope must 
vanish, t he  displacement and the r a d i a l  moment must vanish f o r  a simply 
supported p la te .  Thus, a t  r = a the  displacement w must s a t i s f y  
for a ciamped p l u t e t  
w = o  and w '  = 0 
9. 
f o r  a simply supported p la te:  
w = o  and W" + a  w'/R = 0 
I n  w r i t i n g  the  second o f  Equations ( lob)  use has been made o f  Eq. ( 3 ) .  
I n  a d d i t i o n  t o  s a t i s f y i n g  these cond i t ions  the s o l u t i o n  must 
a l so  s a t i s f y  " regu la r i t y "  condi t ions a t  r = 0, the center  o f  the 
p la te .  
the  i n e r t i a  forces be i n  equ i l i b r i um w i t h  the r e s u l t a n t  i n t e r n a l  t rans-  
verse shear force.  
rad ius r may be determined from t h e  cond i t i on  
.I. 
These requ i re  t h a t  a t  the  center  the  s lope be f i n i t g a n d  t h a t  
The magnitude o f  the i n t e n s i t y  o f  shear, Qr, a t  a 
I t  may a l s o  be expressed i n  terms o f  the moments 151 and hence (see Eq.(3)) 
i n  terms o f  the displacement w. Th is  r e l a t i o n  i s  
w, 
= - (Dr [r W r r r  + w ? r r  - B+]+ r D r, r [W? rr + a "'1} r 
(12) 
I n  view o f  Eqs. ( 1  1)  and (12) the  second o f  the " regu la r i t y "  condi t i ons  
requ i res  t h a t  a t  r = 0, the expression on the l a s t  l i n e  o f  Equation (12) 
nius t van i s h . 
3; 
f o r  t he  present ax isymnetr ic  case t h i s  cond i t i on  impl ies t h a t  w, 0. r 
10. 
3. METHOD OF SOLUTION 
I n  a t tempt ing t o  solve the  governing Equation (9) f i r s t  the 
non-dimensional v a r i a b l e  R = r / a  has been introduced. Next, the 
displacement w i s  assumed to  have the form 
(13)  
i w t  w (R,t) = W(R) e 
separated and an o r d  
as 
( 1  
nary d 
- 2HRn 
where W(R) i s  a f u n c t i o n  o n l y  o f  R, i = J-1 and u) i s  the c i r c u l a r  frequency. 
When Eq. (13) i s  s u b s t i t u t e d  i n t o  Eq. (9) the  t ime and space var iab les  are 
f f e r e n t i a l  equation i n  ternis o f  W i s  obtained 
+ 2 2n + H R )W"" 
+ 2 [ 1 - (2+3n)HRn + ( 1 + 3 i 1 ) H ~ R ~ ~ ]  + 
+ {- @ + [2B-3n(l+Wn))Rn + [-8+3n(l+*3n)JH 7 2 2 n  R } w." + 
R2 
where 
- A W = O  
2 4  
pw hoa 
DO 
A =  
and a prime over a symbol denotes d i f f e r e n t i a t i o n  w i t h  respect t o  R. 
1 1 .  
For the s o l u t i o n  o f  Eq. (14) the method o f  Frobenius 
A ser ies  s o l u t i o n  f o r  W, about t h e  regular  s i n g u l a r  p o i n t  R = 
assumed i n  the form 
0 
W(R) = 1 gk R j + k  
k= 0 
i s  adopted. 
0, i s  
where k i s  the index o f  the sunmation, j denotes the exponents o f  s i n g u l a r i t y ,  
the gk represent the c o e f f i c i e n t s  of  the series, and g 
the  c o e f f i c i e n t  of the f i r s t  te rm i n  the ser ies.  Since Eq. ( 4) i s  a 
f o u r t h  order d i f f e r e n t i a l  equation, Frobenius' method w i l l  y i e  d f o u r  
exponents o f  s i n g u l a r i t y  i n  the s o l u t i o n .  Hence, the r i g h t  hand s i d e  o f  
Eq. (16) represents the s u i  o f  f o u r  ser ies  each corresponding t o  a 
p a r t i c u l a r  va lue o f  j; 
c o e f f i c i e n t s ,  one f o r  each ser ies.  
is, by assumption, 
0 
furthermore, the gk then represent f o u r  se ts  o f  
S u b s t i t u t i n g  the assumed s o l u t i o n  (16) i n t o  Eq. (14) t h e  f o l l o w i n g  
equat ion i s  obtained: 
k=O k=n 
k=2 n k=h 
where the ind ices o f  the summations have been manipulated i n  such a manner 
t h a t  R appears t o  the same Power i n  each term and the func t ions  X, Y and 2 
a r e  def ined as 
Y (j+k-n) = (j+k-n) (( j+k-n-l)[Z(j+k+2n-l) (j+k-n-2)- 28 + 
+ 3n( l+Wn) 1 + p(2-3n) + 3 ~ 1 ( n - l ) )  
+ 8-3n (1+*3n) 1 + ( 1  -3n) (3m-8,) 
The func t i ona l  no ta t i ons  X (j+k), Y (j+k-n), and Z (j+k-2n) have been 
adopted t o  i n d i c a t e  t h a t  these expressions depend n o t  on l y  on the  r a t i o s  
o f  the ma te r ia l  p roper t i es  a: and 8, and the power o f  the thickness v a r i a -  
t ion,  n, b u t  a l s o  on the va lue o f  t he  exponent o f  s i n g u l a r i t y ,  j, and t h e  
index of summation, k, f o r  which they are  t o  be evaluated. Upon i n t r o -  
ducing the step func t i on  no ta t ion  
and c o l l e c t  
b(k-m) = 
ng the c o e f f i c  
w r i t t e n  i n  the form 
j - 4  + x (j) go R 
. 
k-m 2 0 
{ A k-ni C 0 
ents  o f  successive powers o f  R, Eq. (17) may be 
- Rj+k-4 = o  
Now, f o r  W(R) given by Eq. (16) t o  be a s o l u t i o n  o f  Eq. (14) the 
Thus, c o e f f i c i e n t  o f  each term of R i n  Eq. (22) must vanish i d e n t i c a l l y .  
equat ing t o  zero the  c o e f f i c i e n t  o f  the term R , the term w i t h  the 
lowest power o f  R, y i e l d s  the i n d i c i a 1  equation 
j -4 
(23) 
2 X ( j )  = j ( j - 2 ) [  ( j - 1 )  - 81 = O 
The four  roo ts  o f  t h i s  equation are  
For each value of j i n  Eq. (24), the  vanishing o f  the c o e f f i c i e n t s  o f  the 
ternis R j - 3 ,  R j - 2  , and R j - ’  gives the f o l l o w i n g  equations f o r  determining 
91, 92’ and 93: 
14. 
F i n a l l y ,  f o r  the determinat ion o f  each o f  the  c o e f f i c i e n t s  gk f o r  k 2 4, 
the  f o l l o w i n g  recurrence r e l a t i o n  i s  obtained when the c o e f f i c i e n t  o f  the 
term R i s  equated t o  zero: j+k-4 
Th is  r e l a t i o n  determines each o f  the  c o e f f i c i e n t s  gk (k 3 4) i n  terms o f  
the  preceding g's, and hence in  terms o f  go, f o r  each j i n  Eq. (24). 
An inspect ion o f  Eqs. (25) t h r u  (28) ind ica tes  t h a t  i t  i s  no t  
poss ib le  t o  w r i t e  a simple expression f o r  the  g 
f o r  a general value o f  n. 
so lu t ion ,  W(R), can be w r i t t e n  [61 as 
exp'l i c i t l y  i n  terms of g 
k 0 
However, f o r  any p a r t i c u l a r  n the  corresponding 
AkRk + b o I  BkRk+2 + co 1 C Rk+l+" + k 
k=0,4,2,. . . k= 0 
k=O 
k= 0 
I n  Eq. (29) ao? bo? co, and do a r e  undeterm ned c a s t a n t s ,  and Ak = ak/ao, 
Bk = bk/bo7 Ck = c /c 
correspond t o  the  gk ca lcu la ted  w i t h  j = 0, 2, 1+Jp, and l d p ,  respec t ive ly .  
The form o f  the s o l u t i o n  given by Eq. (29) app l ies  on l y  f o r  the case i n  
which 
and D = d /d where the  ak, bk, ck, and dk k 0' k k o  
2 2 # p /4, where p i s  any in teger .  For cases i n  which fl = p /4 
~ 
specia l  forms f o r  the s o l u t i o n  are requi red [61. The i s o t r o p i c  p l a t e  
(a = I ) ,  i n  p a r t i c u l a r ,  i s  one of these cases s ince the exponents o f  
s i n g u l a r i t y  become j = 0, 0, 2, 2, which represents two se ts  o f  equal roots, 
each se t  d i f f e r i n g  by an integer. 
The s o l u t i o n  f o r  W(R) o f  Eq. (29) must s a t i s f y  the " r e g u l a r i t y "  
and boundary cond i t ions  discussed prev ious ly .  I n  order t h a t  the s lope 
be f i n i t e  a t  the center  o f  the p l a t e  (R = 0) the s o l u t i o n  corresponding t o  
the r o o t  j = 1-J@ i s  inadmissible s ince i t s  d e r i v a t i v e  i s  always s i n g u l a r  
a t  the  o r i g i n ;  
insures t h a t  the d e f l e c t i o n  i s  f i n i t e  a t  the center.  
c o n d i t i o n  t o  be s a t i s f i e d  a t  the center  (Eq. 12) may be w r i t t e n  i n  terms 
hence, do = 0. I t  i s  noted t h a t  t h i s  c o n d i t i o n  a l s o  
The second " regular  
o f  the non-dimensional var iab le  R as 
Upon s u b s t i t u t i n g  Eq. (29) w i t h  do = 0, no t  ng t h a t  p C 1 f o r  t h i s  form 
o f  the so lut ion,  and us ing the d e f i n i t i o n  o f  D the cond i t ion  (30) 
requi res t h a t  b = 0. With these r e s u l t s  the s o l u t i o n  becomes 
r' 
0 
OD W 
A ~ R ~  + c o C kR k+ 
k=0,4,5,. . . k= 0 
t y "  
where the remaining constants are t o  be determined from the boundary 
cond i t ions  a t  the edge o f  the p la te.  
16. 
c 
1 -  
When the boundary condi t ions ( loa) and ( lob)  are enforced a t  the 
edge o f  the p l a t e  (R = l), the fo l lbw ing  sets o f  simultaneous equations 
a r e  obtained: 
0 A k + c  0 L C k = O  
k=0,4,5,. . . k= 0 
(k+l+Jp) C k  = 0 
0 kAk + ‘0 L 
k= 0 
a c  
k=4,5,. . . 
0) m 
a c  0 A + c  1 C k = O  k o  
k=0,4,5,. . . k= 0 
OD m 
0 
k(k+a-l)Ak + co 1 (k+l+J@)(k+WJp)Ck = 0 
k= 0 
a c  
k=4,5,. . . 
where Eqs. (32a) and (32b) correspond t o  the clamped and simply supported 
p la te ,  respect ive ly .  The so lu t ion  o f  Eqs. (32a) and (32b) f o r  n o n - t r i v i a l  
values o f  a and c requi res that  the determinant o f  the c o e f f i c i e n t s  o f  a 
and c i n  Eqs. (32a) and (32b) vanishes. These cond i t ions  y i e l d  the 
f o l  lowing c h a r a c t e r i s t i c  equations f o r  the determinat ion o f  the  na tura l  
0 0 0 
0 
f requencies 
f o r  a clamped p late:  
03 W aD m 
k=0,4,5.. . k= 0 k=4,5, . . . k= 0 
for a simply supported plate: 
The roots o f  Eqs. (33a)  and ( 3 3 b )  give the values o f  h which, 
when substituted into the equation 
determine the natural frequencies o f  the p l a t e .  
18. 
0.4577 
0.3980 
0.2980 
0.4667 
0.4196 
. 
1-793 
1.617 
1.309 
1.836 
1,723 
4. I LLUSTRATIVE EXAMPLE 
The equationsdeveloped in  the  previous sec t ion  were app l ied  t o  
several clamped and simply supported p l a t e s  o f  var ious  shapes. I n  
p a r t i c u l a r  p la tes  o f  un i form thickness and those w i t h  thickness v a r i a t i o n s  
corresponding t o  n = 1 and n = 3 were considered. For a l l  cases the  
ma te r ia l  parameters a and p were taken t o  be 0.3 and 1.44, respcc t i ve l y .  
The numerical ca l cu la t i ons  were made r e s t r i c t i n g  the  ser ies  i n  Eqs. (33a) 
and (33b) t o  inc lude terms up t o  the t w e l f t h  power i n  A. The r e s u l t s f o r  
7 = [(a2/ho) J(p/Er)] f corresponding t o  the  lowest two frequencies 
Eq. 34) were computed and are  presented i n  the f o l l o w i n g  tab le.  
n 
1 
1 
1 
3 
3 
3 
uni form 
t h  i ckness 
H 
0.1 
0.25 
0.5 
0.1 
0.25 
0.5 
Clamped P la te  
Simply Supported 
P la te  
0.2382 
0.2151 
0.1759 
0.2458 
0.2343 
o.z i54 
0.2536 
1 * 3 5 6  
1.234 
1.023 
1.399 
1.340 
i .222 
1.436 
(see 
A I  1 t he  computations were performed on an IBM 360 computer a t  t h e  I n s t i t u t e ' s  
Compute r C en t e  r . 
5.  DISCUSSION OF RESULTS 
A method f o r  determining the na tu ra l  frequencies o f  clamped and 
siniply supparted o r t h o t r o p i c  c i r c u l a r  p la tes  o f  r a d i a l l y  vary ing  thickness 
has been presented. From an examination o f  the numerical r e s u l t s  i t  may 
be concluded t h a t  the na tura l  frequencies f o r  clamped and simply supported 
p la tes  o f  a given ma te r ia l  tend t o  decrease as the r a t i o  o f  the edge th i ck -  
ness of the  p l a t e  t o  i t s  thickness a t  the center i s  decreased, and tend t o  
increase as the thickness exponent n increases. 
The s o l u t i o n  f o r  W(R) as given by Eq, (29) i s  v a l i d  everywhere 
i n  the p l a t e  where the  mater ia l  i s  p roper ly  o r tho t rop i c .  I t  has been noted, 
however, t h a t  the  form o f  c y l i n d r i c a l  o r tho t ropy  considered i n  th ia  
i n v e s t i g a t i o n  cannot e x i s t  a t  the center o f  the p la te .  I n  order  to  c o r r e c t  
the theory f o r  t h i s  s i n g u l a r i t y  in  the ma te r ia l  proper t ies,  the  neighborhood 
o f  the center  o f  the - p l a t e  could be t rea ted  as an i s o t r o p i c  core o f  radius, 
say, A .  
t o  the s o l u t i o n  f o r  the i so t rop i c  core; and f o r  the cqmplete s o l u t i o n  
the cont i nu i  t y  of w, (w, r), 
the  boundary o f  the i s o t r o p i c  core and the o r t h o t r o p i c  p la te .  The s o l u t i o n  
which has been obtained i n  t h i s  i nves t i ga t i on  may be Considered a l i m i t i n g  ' 
The ' ' r e g u l a r i t y "  condi t ions a t  the center would then be appl ied 
Mr and Qr could be enforced a t  r = A, 
case o f  t h i s  approach, where A i s  al lowed t o  go t o  zero. I t  i s  t h i s  
inexactness o f  t he  s o l u t i o n  a t  the o r i g i n  which causes the theory t o  p r e d i c t  
i n f i n i t e  moments a t  the center f o r  cases where @ < 1, and zero n m n t s  a t  
t he  center f o r  cases where B > 1. However, i t  i s  hoped t h a t  the present theory 
w i l l  p r e d i c t  frequencies i n  good agreement wi th those which may be pred ic ted  by 
the  complete s o l u t i o n  w i t h  an i s o t r o p i c  core o f  a very m a l \  rad ius.  
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